Abstract. In this paper, we have given an explicit formulation to determine the form of the fundamental units of certain real quadratic number fields. This new algorithm for such quadratic fields is first in the literature and it gives us a more practical way to calculate the fundamental unit. Where, the period in the continued fraction expansion of the quadratic irrational number of the certain real quadratic fields is equal to 8.
Introduction and Notation
Determination of the fundamental units of quadratic fields has a great importance at many branches in number theory. Although the fundamental units of real quadratic fields of RichautDegert type are well-known, explicit form of the fundamental units are not known very well and these determinations were very limited except for these type an K. therefore, Tomita has described explicitly the form of the fundamental units of the real quadratic fields Q( d) such that d is a square-free positive integer congruent to 1 modulo 4 and the period k d in the continued fraction expansion of the quadratic irrational number ω d = (
2 ) in Q( d) is equal to 3 and 4, 5 respectively in [4] and [5] . Later, explicit form of the fundamental units for all real quadratic fields Q( d) such that the period k d in the continued fraction expansion of the quadratic irrational number ω d is equal to 6, has been described in [3] .
In this paper, we will deal with all real quadratic fields Q( d) such that d is a square free positive integer congruent to 1 modulo 4 and the period k d in the continued fraction expansion of the quadratic irrational number ω d = ( 
) > 1 of Q( d) and d itself by using at most five parameters appearing in the continued fraction expansion of ω d .
Now in order to prove our theorems we need the following lemmas. 
Lemma 1. For a square-free positive integer d
where
Lemma 2. For a square-free positive integer d, we put
Moreover let
, and ℓ i , c i , r i can be obtained from the following recurrence formula:
Moreover for the period k ≥ 1 of ω 0 , we get
Lemma 3. For a square-free positive integer d congruent to 1 modulo 4, we put ω d = (
If we put ω = ω R in Lemma 2. , then we have the following recurrence formula:
Proof. It can be easily proved by using Lemma 2. 
Theorems
where 
2 then from Lemma 3 we obtain r 0 =r 1 = a − 2q 0 + 1 = 0,
and from the Lemma 2: 
In this case we have b = 8m ∋ m > 0. From Lemma 2, it can easily seen that c 1 = c −1 = 4m and 2a = 4ml 1 + r 2 (for i = 1).
Since r 2 = 2a − 4ml 1 is even then there exists a positive integer r such that r 2 = 2r. Therefore
and so r is an odd integer. From Lemma 2, we have 2a = c 2 l 2 + r 2 + r 3 for i = 2 and
for c 2 = c 0 = (r 2 − r 1 )l 1 , c 2 = 2 + 2r l 1 . If we put 4m = 2r l 2 + s in (1) then we obtain
Where 2l 2 + r 3 ≡ 0(mod l 1 ) and so there exists positive integer s such that 2l 2 + r 3 = sl 1 then we can obtain
Here if the value r 3 is written in (3) then it is immediately seen that 4m = 2r l 2 + s and s is even. If we put 4m = 2r l 2 + s in (1) then
On the other hand, for i = 2 we have
hold. Therefore we obtain the value r 4 , as
Furthermore
and so we have
If the equalities a = rA + sl 1 , r 4 = (r − s 1 l 3 )A + l 2 B and c 4 = C(2r − sl 3 ) + 2B 2 are written in
holds. By taking s = 2s 1 we obtain
From this equation
hold and this proves that r and s 1 are uniquely determined by a = rA + s 1 l 1 . Now, let's determine the coefficients T d and U d of the fundamental unit
holds, where if we take B = (ℓ 2 ℓ 3 + 1)
and so we can obtain Q 7 = C 2 ℓ 4 + 2AC for C = (Aℓ 3 + ℓ 1 ). Therefore we can determine that
therefore b = 8m + 4 and m > 0 hold. Besides we have the following equations from Lemma 2:
Since r 2 is even number then ∃r ∋ r 2 = 2r. And so r is defined as
If we take i = 2, then from Lemma 2
By using the value 2a = (4m + 2)ℓ 1 + r 2 and (8) we can write;
For the value r 3 = sℓ 1 − 2ℓ 2 we obtain 4m + 2 = 2rℓ 2 + s where s = 4m + 2 − 2rℓ 2 is even number and so there exists s 1 ∈ Z + such that s = 2s 1 . If we write 4m + 2 = 2rℓ 2 + s instead of 2a = (4m + 2)ℓ 1 + r 2 then we obtain 2a = 2r(ℓ 1 ℓ 2 + 1)sℓ 1 and we can write a = rA + s 1 ℓ 1 by taking A = ℓ 1 ℓ 2 + 1. In the same way, we have
for A = ℓ 1 ℓ 2 + 1 and B = ℓ 2 ℓ 3 + 1. Furthermore
for C = ℓ 1 + Aℓ 3 and (1 + ℓ 2 ℓ 3 ) = B. This is completed the proof of the theorem. 
Example 1. Let a is odd, d ∈ D
Since ℓ 1 = 1 then a = 4m + 1 + r 2 and if r 2 = a − 4m − 1 then a, 4m are even and r 2 ≥ 1 is odd and so there exists r ≥ 0 such that r 2 = 2r + 1 and we can obtain r 2 < a. If we use c i+1 = c i−1 + (r i+1 − r i )ℓ i for i ≥ 0 then we obtain
Furthermore we have obtain the following equalities from Lemma 2 c 2 = 2r + 2,
and by taking a = 4m + 1 + r 2 and a = 4m + 2r + 2 we have 8m + 4r + 4 = (2r + 2)ℓ 2 + 2r + 1 + r 3 = (2r + 2)ℓ 2 + r 3 − 2r − 3.
Since a is even then 2a =(2r + 2)ℓ 2 + (2r + 1) + r 3 ≡ 0(mod4) ⇒ r 3 + 2r + 1 ≡ 0(mod4) and ℓ 2 ≡ 0(mod2)
hold, where r 3 = 4s − 2r − 1 is odd number because of 4s is even and 2r + 1 is odd. From Lemma 2. we have
and if the value 2a is written instead of c 3 then c 3 is obtained as
By using the values c 3 , A = ℓ 2 + 1 and B = 2s − r we have
and 2a = c 3 ℓ 3 + r 3 + r 4 ise r
hold from Lemma 2. Moreover we have
for A = ℓ 2 + 1, B = 2s − r and 
and so we obtain that
From Lemma 2 we can obtain the following equalities:
and then we get a = 4(m + 1) + r 2 + 1 
